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In this paper we have used the homotopy analysis method (HAM) to obtain solutions
of multi-term linear and nonlinear diffusion–wave equations of fractional order. The
fractional derivative is described in the Caputo sense. Some illustrative examples have been
presented.
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1. Introduction
Fractional equations, both partial and ordinary ones, have received more attention in recent years. Various phenomena
in physics, like diffusion in a disordered or fractal medium, or in image analysis, or in risk management have been modeled
by means of fractional equations.
There has been some attempt to solve linear problems with multiple fractional derivatives (the so-called multi-term
equations) [1,2]. Notmuch has been done for the nonlinear problems and only a few numerical schemes have been proposed
to solve the nonlinear fractional differential equations. More recently, applications have included classes of nonlinearmulti-
order fractional derivative equations and thismotivates us to develop a numerical scheme for their solutions [3,4]. Numerical
and analytical methods have included Adomian decomposition method (ADM) [5,6], variational iteration method (VIM) [7],
and homotopy perturbation method (HPM) [7].
In this paper, the homotopy analysis method [8,9] is applied to solve multi-term fractional diffusion–wave equations
P(D)u(x¯, t) =
n∑
i=1
Ni
∂2u
∂x2i
+ ϕ(x¯, t)um(x¯, t),
where
P(D) ≡ Ds1t −
r∑
j=2
λjD
sj
t ,
r ≥ 2, r ∈ N, 0 < sr < sr − 1 < · · · < s2 < s1 < 2, m = 0, 1, 2, . . . ,Ni(x¯, t) ∈ Cα.
Dsjt are Caputo fractional derivatives.
The homotopy analysis method (HAM) [8,10] provides an effective procedure for explicit and numerical solutions of a
wide and general class of differential systems representing real physical problems. Based on homotopy of topology, the
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validity of the HAM is independent of whether or not there exist small parameters in the considered equation. Therefore,
the HAM can overcome the foregoing restrictions and limitations of perturbation techniques so that it provides us with
a possibility to analyze strongly nonlinear problems. This method has been successfully applied to solve many types of
nonlinear problems by others [11–17].
The paper has been organized as follows. Basic definitions are given in Section 2. In Section 3 the homotopy analysis
method is described. Section 4 presents some illustrative example equations.
2. Basic definitions
Definition 1. A real function f (t), t > 0 is said to be in the space Cα, α ∈ R if there exists a real number p (> α), such that
f (t) = tpf1(t)where f1 ∈ C[0,∞]. Clearly Cα ⊂ Cβ if β ≤ α.
Definition 2. A function f (t), t > 0 is said to be in the space Cmα ,m ∈ N
⋃ {0}, if f (m) ∈ Cα .
Definition 3. The left sided Riemann–Liouville fractional integral of order µ > 0, [18,19] of a function f ∈ Cα, α ≥ −1 is
defined as:
Iµf (x, t) = 1
0(µ)
∫ t
0
f (x, τ )
(t − τ)1−µ dτ , µ > 0, t > 0,
I0f (x, t) = f (x, t). (1)
Definition 4. The (left sided) Caputo fractional derivative of f , f ∈ Cm−1, m ∈ N
⋃ {0}, is defined as [1,20]:
Dµ∗ f (x, t) =

[
Im−µf (m)(x, t)
]
m− 1 < µ < m, m ∈ N,
∂m
∂tm
f (x, t) µ = m. (2)
Note that [18,19]
(i) Iµt f (x, t) = 1
0(µ)
∫ t
0
f (x, s)
(t − s)1−µ ds, µ > 0, t > 0,
(ii) Dµ∗t f (x, t) = Im−µt ∂
mf (x, t)
∂tm
, m− 1 < µ < m. (3)
(iii) Iµtγ = 0(γ + 1)
0(γ + µ+ 1) t
γ+µ, µ > 0, γ > −1, t > 0, (4)
(iv) IµDµ∗ f (x, t) = f (x, t)−
m−1∑
k=0
∂kf (x, 0+)
∂tk
tk
k! , m− 1 < µ ≤ m,m ∈ N. (5)
Definition 5. A two-parameter Mittag-Leffler function is defined by the series expansion [21]:
Eα,β(t) =
∞∑
n=0
tn
0(α n+ β) , α, β > 0.
Then kth-derivative of Mittag-Leffler function is
E(k)α,β(t) =
∂k
∂tk
Eα,β(t) = ∂
k
∂tk
∞∑
j=0
t j
0(αj+ β) =
∞∑
j=0
j(j− 1) . . . (j− (k− 1))t j−k
0(αj+ β)
=
∞∑
j=k
j(j− 1) . . . (j− (k− 1))t j−k
0(αj+ β) =
∞∑
j=k
j!
(j− k)!
t j−k
0(αj+ β)
= k!
∞∑
j=k
(
j
k
)
t j−k
0(αj+ β) . (6)
3. Analysis of the homotopy analysis method
We apply the homotopy analysis method to fractional multi-term diffusion–wave equations
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P(D)u(x¯, t) =
n∑
i=1
Ni
∂2u
∂x2i
+ ϕ(x¯, t)um(x¯, t), (7)
u(x¯, 0) = f (x¯), (8)
ut(x¯, 0) = g(x¯), (9)
where
P(D) ≡ Ds1t −
r∑
j=2
λjD
sj
t ,
0 < sr < sr − 1 < · · · < s2 < s1 < 2.
Let us consider the following fractional differential equation
N [u(x¯, t)] = 0, (10)
where N is a nonlinear fractional differential operator, x¯ and t are independent variables, u(x¯, t) is an unknown function,
respectively. For simplicity, we ignore all boundary or initial conditions, which can be treated in a similar way. By means of
generalizing the traditional homotopy method, Liao [10] constructs the so-called zero-order deformation equation
(1− p)L[φ(r, t; p)− u0(x¯, t)] = p h¯H(x¯, t)N [φ(r, t; p)], (11)
where p ∈ [0, 1] is the embedding parameter, h 6= 0 is a non-zero auxiliary parameter, H(x¯, t) 6= 0 is non-zero auxiliary
function,L = Ds1t (n− 1 < s1 ≤ n) is an auxiliary linear operator with the following property
L[φ(x¯, t)] = 0 when φ(x¯, t) = 0. (12)
u0(x¯, t) is an initial guess of u(x¯, t), u(r, t; p) is a unknown function, respectively. It is important, that one has great freedom
to choose auxiliary things in HAM. Obviously, when p = 0 and p = 1, it holds
φ(r, t; 0) = u0(x¯, t), φ(r, t; 1) = u(x¯, t), (13)
respectively. Thus, as p increases from 0 to 1, the solution φ(r, t; p) varies from the initial guesses u0(x¯, t) to the solution
u(x¯, t). Expanding φ(r, t; p) in Taylor series with respect to p, we have
φ(r, t; p) = u0(x¯, t)+
+∞∑
m=1
um(x¯, t)pm, (14)
where
um(x¯, t) = 1m!
∂mφ(r, t; p)
∂pm
∣∣∣∣
p=0
. (15)
If the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the auxiliary function are so properly chosen,
the series (14) converges at p = 1, then we have
um(x¯, t) = u0(x¯, t)+
+∞∑
m=1
um(x¯, t). (16)
Define the vector
Eun = {u0(x¯, t), u1(x¯, t), . . . , un(x¯, t)}.
Differentiating Eq. (11) m times with respect to the embedding parameter p and then setting p = 0 and finally dividing
them bym!, we obtain themth-order deformation equation
L[um(x¯, t)− χmum−1(x¯, t)] = h¯ H(x¯, t) Rm(Eum−1, x¯, t), (17)
where
Rm(Eum−1, x¯, t) = 1
(m− 1)!
∂m−1N [φ(x¯, t; p)]
∂pm−1
∣∣∣∣
p=0
. (18)
and
χm =
{
0, m 6 1,
1, m > 1. (19)
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Operating the Riemann–Liouville integral operator Is1 on both sides of Eq. (17), we have
um(x¯, t) = χmum−1(x¯, t)− χm
n−1∑
i=0
u(i)m−1(x¯, 0
+)
t i
i! + h¯H(x¯, t)I
s1 [Rm(Eum−1, x¯, t)]. (20)
In this way, it is easy to obtain um(x¯, t) form > 1, atmth-order, we have
u(x¯, t) =
M∑
m=0
um(x¯, t). (21)
WhenM →∞, we get an accurate approximation of the original Eq. (10).
4. Applying HAM
In this section we apply this method for solving linear/nonlinear fractional multi-term diffusion and wave equations.
Example 1. Consider the linear multi-term fractional partial differential equation [5].
(Ds1t − Ds2t )u = −
3∑
i=1
∂2u
∂x2i
, −∞ < xi <∞, t > 0, (22)
u(x¯, 0) = e−(x1+x2+x3), 0 < s2 < s1 < 1. (23)
To solve Eq. (22) by means of homotopy analysis method, according to the initial conditions denoted in (23), it is natural
to choose
u0(x¯, t) = e−(x1+x2+x3). (24)
We choose the linear operator
L[φ(x¯, t; p)] = Ds1t [φ(x¯, t; p)], (25)
with the propertyL[c] = 0. where c is constant.
We now define a nonlinear operator as
N [φ] = (Ds1t − Ds2t )φ +
3∑
i=1
∂2φ
∂x2i
. (26)
Using the above definition, with assumption H(x¯, t) = 1 we construct the zeroth-order deformation equation
(1− p)L[φ(x¯, t; p)− u0(x¯, t)] = ph¯N [φ(x¯, t; p)]. (27)
Obviously, when p = 0 and p = 1,
φ(x¯, t; 0) = u0(x¯, t), φ(x¯, t; 1) = u(x¯, t). (28)
Thus, we obtain themth-order deformation equations
L[um(x¯, t)− χmum−1(x¯, t)] = h¯Rm(Eum−1), (29)
where
Rm(Eum−1) = (Ds1t − Ds2t )um−1 +
3∑
i=1
∂2um−1
∂x2i
.
Now the solution of themth-order deformation equations (29)
um(x¯, t) = (χm + h¯)(um−1(x¯, t)− um−1(x¯, 0))+ h¯
(
−Is1−s2um−1 + Is1
3∑
i=1
∂2um−1
∂x2i
)
. (30)
From (24) and (30) and subject to initial condition
um−1(x¯, 0) = 0, m ≥ 1
we obtain
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u0(x¯, t) = e−(x1+x2+x3), u1(x¯, t) = e−x1−x2−x3
(
3hts1
0 (s1 + 1) −
hts1−s2
0 (s1 − s2 + 1)
)
,
u2(x¯, t) = e−x1−x2−x3
(
3h2ts1
0 (s1 + 1) +
6hts1
0 (s1 + 1) +
9h2t2s1
0 (2s1 + 1) −
h2ts1−s2
0 (s1 − s2 + 1)
− ht
s1−s2
0 (s1 − s2 + 1) +
h2t2(s1−s2)
0 (2 (s1 − s2)+ 1) −
6h2t2s1−s2
0 (2s1 − s2 + 1)
)
....
Hence
u(x¯, t) = u0(x¯, t)+ u1(x¯, t)+ u2(x¯, t)+ · · · .
When h¯ = −1, we have
um(x¯, t) = e−(x1+x2+x3)
m∑
k=0
(−3)k
(m
k
) tm(s1−s2)+ks2
0(m(s1 − s2)+ ks2 + 1) , m = 0, 1, 2, . . . ,
u(x¯, t) =
∞∑
m=0
um(x¯, t) = e−(x1+x2+x3)
∞∑
m=0
m∑
k=0
(−3)k
(m
k
) tm(s1−s2)+ks2
0(m(s1 − s2)+ ks2 + 1)
= e−(x1+x2+x3)
∞∑
k=0
∞∑
m=k
(−3)k
(m
k
) tm(s1−s2)+ks2
0(m(s1 − s2)+ ks2 + 1) .
Thus in view of (6) we have
u(x¯, t) = e−(x1+x2+x3)
∞∑
k=0
(−3)k t
ks1
k! E
(k)
s1−s2,ks2+1(t
s1−s2),
which is in agreement with the given solution using ADM [5].
Example 2. Consider the two-dimensional fractional two-term wave equation
(Ds1t − λDs2t )u = 2
(
∂2u
∂x21
+ ∂
2u
∂x22
)
, −∞ < xi <∞, t > 0, (31)
u(x¯, 0) = sin x1. sin x2, (32)
ut(x¯, 0) = 0, 1 < s2 < s2 < 2. (33)
To solve Eq. (31) by means of HAM, according to (32), it is natural to choose
u0(x¯, t) = sin x1. sin x2. (34)
We chooseL = Ds1t with the propertyL[c] = 0, where c is constant.
We define a nonlinear operator as
N [φ] = (Ds1t − λDs2t )φ − 2
(
∂2φ
∂x21
+ ∂
2φ
∂x22
)
. (35)
Assume that H(x¯, t) = 1, we construct the zeroth-order deformation equation
(1− p)L[φ(x¯, t; p)− u0(x¯, t)] = ph¯N [φ(x¯, t; p)]. (36)
According to Eqs. (17)–(19), we obtain themth-order deformation equations
L[um(x¯, t)− χmum−1(x¯, t)] = h¯Rm(Eum−1), (37)
where
Rm(Eum−1) = (Ds1t − λDs2t )um−1 − 2
(
∂2um−1
∂x21
+ ∂
2um−1
∂x22
)
.
Now, the solution of Eq. (37) form ≥ 1 becomes
um(x¯, t) = (χm + h¯)(um−1(x¯, t)− u´m−1(x¯, 0)t − um−1(x¯, 0))− h¯
(
λIs1−s2um−1 + 2Is1
(
∂2um−1
∂x21
+ ∂
2um−1
∂x22
))
. (38)
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From (34) and (38) and subject to initial condition
um−1(x¯, 0) = 0, u´m−1(x, 0) = 0 m ≥ 1
we now successively obtain
u0(x¯, t) = sin x1. sin x2, u1(x¯, t) = sin(x1) sin(x2)
(
4hts1
0 (s1 + 1) −
hts1−s2λ
0 (s1 − s2 + 1)
)
,
u2(x¯, t) = sin(x1) sin(x2)
(
4h2ts1
0 (s1 + 1) +
4hts1
0 (s1 + 1) +
16h2t2s1
0 (2s1 + 1) −
h2λts1−s2
0 (s1 − s2 + 1)
− hλt
s1−s2
0 (s1 − s2 + 1) +
h2λ2t2(s1−s2)
0 (2 (s1 − s2)+ 1) −
8h2λt2s1−s2
0 (2s1 − s2 + 1)
)
,
....
Hence u(x¯, t) = u0(x¯, t)+ u1(x¯, t)+ u2(x¯, t)+ · · ·. When h¯ = −1, we obtain
u0(x¯, t) = sin x1. sin x2,
um(x¯, t) = sin x1. sin x2
m∑
k=0
(−4)k
(m
k
)
λm−k
tms1−(m−k)s2
0(ms1 − (m− k)s2)+ 1 , m = 0, 1, 2, . . . .
Thus, the solution u is
u(x¯, t) = sin x1. sin x2
∞∑
k=0
(−4)k t
ks1
k! E
(k)
s1−s2,ks2+1(λt
s1−s2),
which is in agreement with the obtained solution using ADM [5].
Example 3. Consider the nonlinear fractional equation
(D
3
2
t − D
1
2
t )u+ uxx + u2 = 0, −∞ < x <∞, t > 0, (39)
u(x, 0) = x, ut(x, 0) = sin x. (40)
According to (11), the zeroth-order deformation can be given by
(1− p)L[φ(x, t; p)− u0(x, t)] = ph¯H(x, t)N [φ(x, t; p)]. (41)
According to the initial conditions (40), we can choose the initial guess as follows:
u0(x, t) = x, u´0(x, 0) = sin x. (42)
and we choose the auxiliary linear operator
L = D 32t . (43)
We also define a nonlinear operator as
N [φ(x, t; p)] = (D 32t − D
1
2
t )φ + φxx + φ2. (44)
Using the above definition,with assumption H(x, t) = 1 we obtain themth-order deformation equations
D
3
2
t [um(x, t)− χmum−1(x¯, t)] = h¯Rm(Eum−1), (45)
where
Rm(Eum−1) = (D
3
2
t − D
1
2
t )um−1 + (um−1)xx +
m−1∑
i=0
uium−1−i.
The solution of themth-order deformation equations (45):
um(x, t) = (χm + h¯)(um−1(x, t)− u´m−1(x, 0) t − um−1(x, 0))
+ h¯
(
−I−1um−1 + I 32 (um−1)xx + I 32
m−1∑
i=0
uium−1−i
)
. (46)
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Fig. 1. h¯-curve of u(0.5,0.5).
Fig. 2. u(0.5, t).
Table 1
x h¯ = −1.05 h¯ = −1
t = 0.1 t = 0.5 t = 1 t = 0.1 t = 0.5 t = 1
0.2 2.48× 10−12 0.00177 0.00227 4.06× 10−9 0.00503 0.00601
0.4 3.91× 10−9 0.00053 0.00288 5.34× 10−9 0.00242 0.0051
0.6 1.25× 10−9 0.00154 0.00066 2.13× 10−9 0.00030 0.00613
0.8 2.76× 10−9 0.00109 0.00049 2.63× 10−9 0.00161 0.00495
1 5.02× 10−9 0.00001 0.00085 6.08× 10−9 0.00139 0.0030
From (42) and (46) and subject to initial conditions um(x, 0) = 0, u´m(x, 0) = 0, m ≥ 1 we obtain
u0(x, t) = x, u1(x, t) = −h t sin(x)− h t x+ 0.752253 ht3/2x2,
u2(x, t) = −h sin(x) t − h2 sin(x) t − h2 x t − h x t + 0.752253 h x2 t3/2
+ 0.752253 h2 x2 t3/2 + 0.5 h2 sin(x) t2 + 0.5 h2 x t2
− 0.601802 h2 x sin(x) t5/2 + 0.333333 h2 x3 t3 + 0.333333 h2 t3
− 0.902703 h2 x2 t5/2 + 0.300901 h2 sin(x) t5/2 − 0.601802 h2 x sin(x) t5/2
....
Hence, the solution of Eq. (39) in series from is obtained as
u(x, t) = u0(x, t)+ u1(x, t)+ u2(x, t)+ · · · .
In Figs. 1 and 2 u(x, t) = (u0 + · · · + u7) is drawn.
The following tables show the error value for the HAM approximate solution uwhen h¯ = −1, h¯ = −1.05, h¯ = −1.2 and
ADM solution (u(x, t) = (u0 + u1 + u2)) [5]. It is clear that we obtain the better results when h¯ = −1.05 (see Table 1 and
Table 2).
5. Conclusion
In this work, the HAM was applied to derive approximate analytical solutions of both linear and nonlinear multi-term
fractional partial differential equations. The explicit series solution linear fractal partial diffusion–wave equations are ob-
tained, which are the same as those results given by the Adomian decomposition method for h¯ = −1. This accords with the
conclusion that the homotopy analysis method logically contains the Adomian decomposition method [10,9].
The HAM provides us with a convenient way to control the convergence of approximation series by means of the so-
called h¯-curve, it is easy to determine the valid regions of h¯ to gain a convergent series solution, which is a fundamental
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Table 2
x h¯ = −1.2 ADM [5]
t = 0.1 t = 0.5 t = 1 t = 0.1 t = 0.5 t = 1
0.2 0.00001 0.00086 0.0042 0.0094 0.4555 4.0243
0.4 0.00003 0.00029 0.00104 0.0095 0.3927 3.7036
0.6 0.00005 0.00131 0.00177 0.0086 0.4067 4.343
0.8 0.00007 0.0011 0.00221 0.0074 0.5323 6.052
1 0.00010 0.00048 0.000627 0.0064 0.79030 8.667
qualitative difference in analysis between HAM and other methods. The results show that HAM is a powerful mathematical
tool for solving wide classes of multi-term fractional differential equations.
We point out that the corresponding analytical and numerical solutions are obtained usingMathematica.
References
[1] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.
[2] K. Diethelm, Y. Luchko, Numerical solution of linear multi-term differential equations of fractional order, J. Comput. Anal. Appl. 6 (2004) 243–263.
[3] S. Momani, Z. Odibat, Numerical solution of fractional differential equations: A selection of semi-analytical techniques, Arab. J. Math. Math. Sci.
(submitted for publication).
[4] V.S. Erturk, Sh. Momani, Z. Odibat, Application of generalized differential transformmethod tomulti-order fractional differential equations, Commun.
Nonlinear Sci. Numer. Simulat. 13 (2008) 1642–1654.
[5] V. Daftardar-Gejji, S. Bhalekar, Solving multi-term linear and non-linear diffusion–wave equations of fractional order by adomian decomposition
method, Appl. Math. Comput. 202 (2008) 113–120.
[6] V. Daftardar-Gejji, H. Jafari, Solving a multi-order fractional differential equation using adomian decomposition, Appl. Math. Comput. 189 (2007)
541–548.
[7] N.H. Sweilam, M.M. Khader, R.F. Al-Bar, Numerical studies for a multi-order fractional differential equation, Phys. Lett. A 371 (2007) 26–33.
[8] S.J. Liao, The proposed homotopy analysis technique for the solution of nonlinear problems, Ph.D. Thesis, Shanghai Jiao Tong University, 1992.
[9] J. Cang, Y. Tan, H. Xu, S.J. Liao, Series solutions of nonlinear fractional Riccati differential equations, Chaos Solitons Fractals 40 (1) (2009) 1–9.
[10] S.J. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis Method, CRC Press, Boca Raton, 2003, Chapman & Hall.
[11] I. Hashim, O. Abdulaziz, S. Momani, Homotopy Analysis Method for Fractional IVPs Communications in Nonlinear Science and Numerical Simulation,
vol. 14(3), 2009, pp. 674–684.
[12] H. Jafari, S. Seifi, Homotopy analysis method for solving linear and nonlinear fractional diffusion-wave equation, Commun. Non-linear Sci. Numer.
Simulat. 14 (5) (2009) 2006–2012.
[13] H. Jafari, S. Seifi, Solving a system of nonlinear fractional partial differential equations using homotopy analysis method, Commun. Non-linear Sci.
Numer. Simulat. 14 (5) (2009) 1962–1969.
[14] S.J. Liao, An approximate solution technique which does not depend upon small parameters: A special example, Int. J. Non-linear Mech. 30 (1995)
371–380.
[15] S.J. Liao, An approximate solution technique which does not depend upon small parameters (Part 2): An application in fluid mechanics, Int. J. Non-
linear Mech. 32 (5) (1997) 815–822.
[16] S.J. Liao, An explicit totally analytic approximation of Blasius viscous flow problems, Int. J. Non-Linear Mech. 34 (4) (1999) 759–778.
[17] S. Momani, Z. Odibat, A novel method for nonlinear fractional partial differential equations: Combination of DTM and generalized Taylor’s formula,
J. Comput. Appl. Math. 220 (1–2) (2008) 85–95.
[18] Yu. Luchko, R. Gorenflo, An operational method for solving fractional differential equations with the Caputo derivatives, Acta Math Vietnamica 24 (2)
(1999) 207–233.
[19] O.L. Moustafa, On the Cauchy problem for some fractional order partial differential equations, Chaos, Solitons Fractals 18 (2003) 135–140.
[20] G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon and Breach, Yverdon, 1993.
[21] F.Mainardi, On the initial value problem for the fractional diffusion-wave equation, in: S. Rionero, T. Ruggeeri (Eds.),Waves and Stability in Continuous
Media, World Scientific, Singapore, 1994, pp. 246–251.
